The rheological model (1) is a generalization of several well-known models., For ex-
ample, if the yield stress 1o vanishes, Eq. (1) reduces to a rheological power-law equation.
When m = n (1o = 0) we obtain an ordinary Newtonian fluid. The value of Recy for v = 0 and
m = n reduces to the value for a Newtonian fluid [2] (Fig. 4). Our results for Recr in the
case T = 0 (Fig. 4) reduce to those for a non-Newtonian fluid with a rheological power law [6].

NOTATION

ui, velocity vector components; To, yield stress; u, shear viscosity; m, n, rheological
constants; U, velocity of the unperturbed flow; a, wave number; L, channel Yidth; p, density;
¢, perturbationamplitude; ¢, phase velocity; Ue, characteristic velocity; Hl;;z),Hankelfunch
tions of the first and second kind of order 1/3; t, Reynolds stress.
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HYDRODYNAMIC INSTABILITY OF THE AXISYMMETRIC FLOW OF AN IDEAL
FLUID WITH AN INTERPHASE

V. E. Epikhin and V. Ya. Shkadov UDC 532.5.013.4

We study the instability under simultaneous rotational and translational flow of
a fluid and ambient medium in the cases of a cylindrical annular jet, capillary
jet, and cylindrical fluid layers on the inner and outer surfaces of a cylinder.

The type of flow under study is schematically illustrated in Fig. 1. Reviews of the
literature and some new experimental results on instabilities of jets can be found in [1-9],
The stability of a fluid on a rotating cylindrical surface was studied in [10, 11]. In the
present paper the stability of potential flow is considered in the most general formulation.
Such flows are used in vaporizers, heat-transfer devices, chemical reactors, in the paper-
pulp industry, and also in vertical-centrifugal methods of producing mineral fibers [11].

In a cylindrical coordinate system with the axis of coordinates taken along the symmetry
axis of the problem, the flow is described by the potential functions

D (X, 8) = U;X + T8, @ ;=U.:X-+T.;6. (1)

where the second term in both equations gives the velocity potentials of line vortices along
the axis of rotation with circulations 2nTe, 2nTo, 2774, respectively [1]. At t = 0 a potential
wave perturbation of infinitesimal amplitude is applied to the unperturbed flow. The poten-
tial functions of nonsteadymotion satisfy the Laplaceequation and the Cauchy—Lagrange integral in

a flowregion tobe determinedas part of thesolution. The boundaryconditions express the jump in the
normal stress due to surface tension, the continuity of streamline flow at the boundaries,

and the boundedness of the potentials on the axis and at infinity, and also the periodicity

M. V. Lomonosov Moscow State University. Translated from Inzhenerno-~Fizicheskii Zhur-
nal, Vol. 45, No. 1, pp. 64-72, July, 1983, Original article submitted February 4, 1982.
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Fig. 1. Schematic diagram of the flows under study: (a)
fluid layer on the surface of a rotating cylinder; (b) annu-
lar jet; (c¢) capillary jet.

of flow along the axis. In the linear approximation the problem in each of the flow regions
is written in the form

~ = ~ T 0 (7 -
OB =0, &, Ubx + — (%_#FTZ.) -5 2
H,+ Ul —— fy— @ (Y =a, b)
t X Ve 8 — WY = d, , (3)
(ﬁyzo, Y = 1; (b,)
.- W, = .5 .
PiP; — Po = — P (Ha+aHaXX+Ha96)a (5)
Ha(ﬂ 7 =y £ _
o Ly —T) + Hax (Us —Uy) = Oy — Dy (Y = a),
- - V. - - .
Py — PePe = — —b‘zb‘ (Hy, = bPHoxx -~ Hyee), (6)
Boo (0, L) B (U~ U = Gy — Bur (¥ =)
C]Sl-<oo, Y —0, (7)
@, << 00, Y o0. (8)

These equations and boundary conditions are in dimensionless form using the following scales:
the characteristic length R is taken as the mean radius of the initial cross-section of the
annular jet, the initial radius of the capillary jet, or the inner or outer radius of the sur-
face of the cylinder. We also use the reference velocity Uy and the density of the fluid pp.
Let A = 2n/a be the wavelength, where o is the wave number of the initial perturbation. The
solution of the homogeneous problem (2), (3), (5)-(8) for the capillary jet, (2)-(5), (7) for
a fluid layer on the inner cylinder surface, and (2)-(4), (6), (8) for a layer on the outer
surface will be sought in the form of traveling waves

R(X,Y, 0, =R, (Y)E, H(X, 6, t)=H,E, E=expli(@X + p6 —C1)].

Here R, H denote one of the quantities ¢, p, Hy, Hp in the perturbed flow, B = 0, 1, 2,...
is the mode of the perturbation, and C = Cpe + iCip is the eigenvalue of the linear homoge-
neous problem. From the equations and boundary conditions (2)-(8) above, the complex ampli-
tudes have the form ‘

Do (V) = Ady (0¥) + 4Ky (@), Oy = Al (2Y), Dy = 4Ky (@)) (9)
where Ig, Kg are the modified Bessel functions of the first and second kind of order 8. From

(9) we can obtain the characteristic equations, whichin turn can be used to find C for each
of the above problems:

mn? + a,m? 4 ayn® + 0y ++ 072 (by, + cun?) + 9,12 (by + cym?) + 0i0er7 77 b =0, (10)
0Tl + g — mPT, =0, (1)
(12)

2 2 .
PeTyr. — @y — 1Py = 0.
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Equation (11) can be obtained from (10) by taking the limit pe+= (pj<«), T = 0; Eq. (12)
follows from (10) in the limit pj=* > (pg<®), 4 = 0. The coefficients of (10)-(12) are
given by

= w,L, ay— — ®xLy g — Wy Lg ,
Lx.l/ ny ny
by = — @, T, Ly b, — @, TyLy by — T, Tyl ~0,
L.y Ly Lyy
cx::—gjﬁéﬁ—:>0, cy::——jﬁéﬁ—:>0,
Loy (x, y) = Ig{y) Kg(x) — 15 (x) Kg () >0,
Ly (%, y) = Tp (4) Ko (x) — 15 (%) Ki (1) >0,
Ly (%, y) = Ig () K (x) — [ (%) Kg () << O,
Lo(x, 9) =I5 () Kp (x) — Ip () Kg () <O,
g () Kg (y)
V{f‘?):*f?——*, T = B v g, y = ab,
i 130 v @ Kg (v) 7
m':o:Uf—{—ﬁ—FL—C, n=oal;-+f Ly —C,
a2 ‘ b2

=l B ¢, ro=aU, 4B e,
a? 52

®, = [Kg (1 —x2— )+ pli — 5 } ,
a

a3

Tf —o0% |
= (1 — 2 —R2 f Pele 1,
oy a |k (1= —F) - —Lofer |

For the stability of a cylindrical jet in ambient media, condition (4) is replaced by the

Y .
condition that ¢~ be bounded as Y~ 0, and the boundary condition (6} is applied on the surface
of the unperturbed jet Y = b. The characteristic equation for this problem has a form simi-
lar to (11), (12):

pel'yrg2 — 0y — AT () =0, (13)

where this can be obtained from (12) in the limit ¢~> 0. Equation (10) is an algebraic equa-
tion of fourth degree with real coefficients, while (11)-(13) are of second degree in C. The
flow will be stable if these equations have real roots and will be unstable for complex roots.
The solutions of (11)~(1l3) can be written in the respective forms:

ml = _ _T. _’i_?___{ — ‘———(D—x——‘ s My = _‘ﬂl— ’ (14
im 1< TR (1+ T T, 1+ T,
e o, =t <o g =aa 45 A b1 y— )
Ta Ly @
T2 z vel
ns ::«__ffi___‘+’ S — ’%e::'_igii_ ’ (15)
im (1 -+ Te)z (1 -+ Te) Tq 15 Te
To=—po 2, t="0>0 p=at+p2L @=1, x=w),
Tq L() b
n? — TJVeZ . ____GEU Tj = — 0 —IL .
T TR (14 T} () Ty () (16)

The basic parameters of the problem are: the relativedensities of the media pj, pe; discon-
tinuity of the translational velocities AU' = Up~Uj, AU = Up~Ug; torsion parameters Tp, Ty,
Pe; Weber numbers W,, Wy; radii g, b; wave number «; and perturbation mode B. We consider the
structure of the above formulas using Eqs. (15) as an example. The square of the imaginary
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Fig. 2. Perturbation growth factors for a layer on the out~
er surface of a cylinder.

Fig. 2 Fig. 3

Fig. 3. Perturbation growth factors for a capillary jet.

part n;m is made up of two terms. The first corresponds to a KelvinHelmholtz instability as
a result of the discontinuity of the velocity of the fluid and ambient medium near the inter-
phase [1]. The second term consists of two parts. The first corresponds to a capillary in-
stability; the second corresponds to a Taylor instability and appears as the difference in
centrifugal accelerations of the fluid and ambient medium. The structure of m;m is analogous.
From the above discussion we can make several conclusions on the effect of different physical
factors on the stability of a layer on the outer cylinder surface. The velocity discontin-
uity destabilizes the flow. The relative density pe enhances the KelvinHelmholtz instabili-
ty [7]; however, the first term decreases for large values of pe. The surface tension pro-
motes stability of nonaxisymmetric perturbations B = 1, 2, ... for any o = 0, and also axi-
symmetric perturbations (B = 0) for « = 1. Torsion of the outer fluid layer desta-
bilizes the flow; torsion in the ambient medium promotes stability of the perturba-

tions and the effect increases with p,. For a fluid layer on the inner cylinder sur-
face, the above conclusions on the effect of the velocity discontinuity and the surface ten-
sion on the flow stability remain in force. But in this case torsion of the fluid stabilizes
the flow, and torsion of the medium destabilizes it, with the latter effect increasing with pq.

The results of typical calculations from (15) for the perturbation growth factors in a
layer on the outer cylinder surface are shown in Fig. 2. The parameters of the problem are
taken to be: Ui = Ue = Up =0, Ty =Te =0, I'p =10, pe = 10=%, Wy = 107%. Curves 1-3
correspond to a layer thickmess 10™® (@ = 1, b’ = 1.001), curves 4-6 to a layer thickness of
102 (¢ = 1, b = 1.01), and curves 7, 8 to a layer thickness of 107'. B = 0 for curves 1, 4,
7; 8 = 10 for curves 2, 5; and 8 = 19 for curves 3, 6, 8. Interaction with the medium leads
to an amplification of the instability of the higher modes. An increase in the fluid layer
thickness causes destabilization of the flow and a decrease in the wave number of the fastest
growing perturbations; the corresponding flow on the inner surface is stable., 1In Fig. 3 re-
sults of calculations from Egs. (16) in the case Ue = O, Up = 5, Te = 0, pe = 1072, Wy = 10-2
are shown. Curves 1-3 refer to I'p= 0, curves 4-6 to'r=0,3. Curves1, 2, 3 and 4, 5, 6 correspond
to the values B=0, 5, 9. For'r=0modeswith B=10are stable. For I'» =0.3modeswithp = 11
are stable. Here axisymmetric perturbations are the most unstable. Fdr Us= 10 the most unstable
modes are givenby B=1, 2 and @ ~ 66. The data of Fig. 3 show that torsion of the fluid leads to
flow destabilization: the maximum perturbation growth factor increases and the instability range
expands. Torsion destabilizes the nonaxisymmetric modes to a greater degree.

In the study of the stability of jets we used an algebraic method based on that of Sturm
for extracting the real roots [12]. The growth factors of the unstable perturbations are de-
termined from the solution of Eq. (10), which is carried out using the method of Muller [13].
From the four roots we keep the one with the largest imaginary part. Series of calculations
are done in which « changes from Aa to NyAa in steps of size Aa and B = 1, 2,.v., Ng. The
results are printed out in tabular form to two significant figures; a typical calculation is
shown in Table 1. The calculations show that for nonzero torsions Ff, i, le and different
relative densities (e.g., 0.01 and 1), torsion of the fluid and medium inside the jet cavity
destabilizes the flow. Torsions of the medium outside of the jet Te =1, 2, 3 lead to sta-
bilization of the flow, but further increase T'g = 4,... destabilizes the flow. 1In these
cases the nonaxisymmetric modes B> 2 are the most unstable. Translational flow of the medium
outside and (or) inside the jet cavity leads to flow stabilization if it is close to the ve-
locity of the fluid, and leads to flow destabilization in the opposite case. A decrease (from
1 and below) of the relative densities of the ambient media leads to a decrease in the pertur-
bation growth factors. In the thinnest jets these are larger when Te ¥+ 0, Ty = 0. If Tj = 0,
e = 0 they are smaller. For a fixed annular layer of ideal fluid in a medium at rest, the
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TABLE 1. Perturbation Growth Factors for an Annular Jet

o
B 2 3 4 5 6 7 8 9 10 {11 12|13 }14|15|16}17[18119]|20]21
0 0| 0y 0j 0 O Of 0| O} Oy 0y0l0}{0j0|0|0IO|O}O|O
1 0y 0| 0}y 0| O} O O] O} O[O} O 0{0{0]010]0}0}010
2 o ol 0| 0 0 O] Of 0] 0]0706;0,0/0(0)]0J0j0}10C{60
3 2 i 0|l 0| 0}y 0l o 0 0| 0] 0] 0} 0{0}0]0}0{0{0]O
4 31 2| 2{ 1} 0j 0y 0} 0] 0000701010101 0}0]0]0
5 41 4|1 3} 2 1y 0] 0] 0] 0}j0]0 0}J0{010}0J0]J0]JO0C]O
6 S5} 5} 41 31 3} 2 1y 6 0] 00} 0,0]0j0}010]0}O0]|0O
7 6! 51 57 4, 4 3/ 2/ 21 0!/06y0]070/0:010/010[07/0
8 71 61 6| 51 5| 4| 4 3| 2 1] 0;001G}10]0j0}010]0O
9 7y 71 71 6| 6y 5| 5| 4y 3|21/ 0070]01j0,0j0!0}0
10 81 8 71 7| 7{ 6] 6| 51 4| 4|3/ 107010j0]0}0701]0
11 91 8 8| 8 7 7} 6 6| 5| 5| 4] 37 1{010]10}010]0j0
12 9] 91 9] 8| 81 8 7 7| 6] 6454 3/]1j0[0]0}j0]0]0O
13110110110 9} 9] 9| 8¢ 8| 7| 7| 6| b} 4/3]11010]0101}0
14 j1uf1oj10l1w0ft0f 99 9| 8) 8| 7] 71 6/574(3[0]010]0]0
15 (1 p1rjpuyitji010)10f 9 9818 7/64514(3|/0(0]0]0
6 j12112(12 1t j 1t j1rjo|toltof 9198 7{6(5{412101010
17 131131120 12412¢911111|11110]107 9} 9} 8;7{6|514]11101]0
18 [ 1313313131212y 12|11|11(10}10] 91817165 |3]0]0
19 1414141 13131313} 12{12,11]11}10/10}9{8|7]6|5}3{0
Note: pj = pe = 1072, Wy = Wp = 1072, g = 0.95, b = 1.05,
iy =0, Te =10, Ff = 0, Ui = 0, Ug = 0, Uf = 1.

stability criteria with respect to infinitesimal perturbations are x =1 (B =0) or B =1
(x > 0), independent of the relative densities pj = pe. We also consider the stability cri-
teria in the general case.

We compared the flow stability of circular cross-section capillary jets and jets with
an internal cylinder. The analysis showed the stabilizing effect of an internal body on the
flow of a jet for both an ideal fluid and a viscous fluid. The viscosity promotes stability
of such flows, with the effect increasing as the difference in radii between the jet and in-
ternal body decreases (B = 0, pg~0). '

In the calculations a specialized computational program was created for the modified
Bessel functions and their derivatives for values of the argument ranging from 1 to 100 and
8=0,1, 2,..., 19, The results coincide with the data of Table 9.11 of [14] to within four
significant figures. Our conclusions and results can be used in industrial engineering appli-

cations of fluid flow with an interphase for efficient calculation of hydrodynamic instability
phenomena.

Finally, we consider the shortwave limits a-«., We transform (10) to the form
m2n2 - @ym? -1 O N2 + 000y + 0377 (0y -+ 1) + 0,77 (0 + m2) - piper; 77 = 0. (17)
For pi = pe = po we consider the following cases:
T;=0:im=n, r5r,
I,=1,=0, Uy=U,:m=En, ri=r,=".
Then Eq. (17) can be transformed to one of the forms
(Pofz + @y -+ m?) (poff + @y + m?) = 0,
(0072 -+ 0y 1 1) (0 -+ 0, + m?) = 0.
Equation (11) and also Egs. (12), (13) reduce to
pir? + o, +m=0, pr?-+a,+n>=0.

As an example we consider the latter equation. In the limit a-+=, Eq. (15) takes the form

o A2 T —p,T% W,
2 —F =, | aAU - e P Pele _o2W, — B2 . 18
B ﬁ(a) e (\ ﬁ b2 > < 5 b ﬁ b2 ) (18)

The necessary condition for an extremum in FB(a) is that its derivative vanish:



do

o ATY g N P
:QpeAU< AU B — >+w.f_b3x°e —3Wal =2 =0, = 2, (AUP — Wy, (19)

The quadratic equation (19) can be solved for a,(B). The solution is particularly simple
when AU =

r

ST ol 14 d2F
Oﬂ* —_ / f pe 2 P2 _‘_b , B
« (B ‘/ W, ( = B = ) — <0. (20)

The value au (B) determined from (20) is a maximum of the function n; We note that in the

, im*
asymptotic limit o+« we have

o eXpy—x)F+exp(xr—y) {HO (_1_)}
T exp(y—x) —exp(x—1) o

For comparison of the asymptotic result with the calculations using (15), recall that for
@~ 10%, the larger the layer thickness b~l1, the larger y—x and the more precise the asymptotic
value tgnv 1.

In actual conditions it is of interest to examine the lengthening of the cavity of a
cylindrical annular jet [15]. In order to prolong the cavity, a torsion in the fluid was
suggested in [15]. In [16] it was shown that the torsion prevents the closing up of the
cavity of a stationary annular jet. We study the stability of an annular jet ignoring the
inertia of the ambientmedia: py = pe = 0. In this case axisymmetric perturbations are the
most unstable. Equation (10) is transformed to

(2 £ ay) mP gy = 0. (21)
The biquadratic equation (21) will have real roots if
(ax+ay)2#4a0>01 a0>0_‘1 ax+ay<0' (22)

But (22) is known to be satisfied if the following two equivalent inequalities are satisfied:
0, <<0, 0,<C0, a,<<0, a,<<0,

0<Ti(0) = aW (1 — 32) < TF < T () = bW, (52— 1). (23)

The torsion of the fluid must be within the limits glven by (23) in order not to cause growth
of perturbations with wave numbers a, > a, because Iz(a)<<T: (), Fb(a0i>lb(m) Actually,
perturbatlons are present in the flow with a range of wave numbers. For I'% one can take

T (am), Fb(am) for the lower limits of this range. Since the dependence of the roots of the
characterlstlc equation (10) on pi, pe is continuous, in a sufficiently small neighborhood

of the state pj = pg = 0, B = 0 there are states with pj, pe =# 0, B = 0 corresponding to
stable flow in an annular jet. This analysis explains the observed lengthening of the cavity
of an annular jet moving in air in terms of the torsion of the fluid.

The expression for the growth factor of shortwave perturbations in this case has the
form nip = /@y {(wx < 0). The wave number and growth factor of the fastest growing perturba-
tion are given by

Ay = “/i Ff y Bim (asiz) = 205;:If '
' 3bW, - 303

Perturbations with a> ao = ¢§&* are stable. Torsion of the fluid expands the unstable region
with respect to a and also causes an increase in the growth factors. The torsion of the
fluid can vary between the limits given by the inequality

If <Tj (o) = a*b*W,, (24)

without causing growth of perturbations with wave numbers a; = a.

NOTATION

a, b, radii of unperturbed free surfaces of an annular jet or fluid layers inside and
outside a circular cylinder; Ha’ Hb, perturbed surfaces; W,, Wy, corresponding Weber numbers;
W= c/(pFUoRo), o, surface tension; p,, p; P, Pes DYessure perturbations in the fluid and am-
bient media close to interphases; pj, pe, relative densities of the media; X, Y, 6, axial,
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radial, and angular coordinates; t, time; subscripts X, Y, 8, t denote partial differentia-

tion with respect to the corresponding variable; A=

ator;

lol

11.

12.
13.

14,

15.

16.

2 1 9

52

P
: y —— - Laplace oper-
ax: Ly ey ( ay)+ a2

i=V=1,
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